We study the relations between Dirac fields living on the 2-dimensional Lorentzian cylinder and the ones living on the double-covering of the 2-dimensional de Sitter manifold, here identified as a certain coset space of the group SL(2, R).
Introduction
There are two spin structures and, correspondingly, two possible choices of free fermions on the (Minkowskian or Euclidean) cylinder. According to the terminology of string theory, fields which are periodic are called Ramond (R) fields, fields which are anti-periodic are called Neveu-Schwarz (NS) fields. The conformal mapping of the Euclidean cylinder onto the punctured complex plane changes this situation: here Neveu-Schwarz fields are periodic and Ramond fields are anti-periodic, showing that the NS condition is the more natural one, the one which fits better with conformal invariance (see e.g [1, 2, 3] ).
In this paper we examine another kind of conformal mapping: the map of a portion of the Minkowskian cylinder onto the two-dimensional de Sitter spacetime and the transformation properties of quantum Dirac fields under such mapping. The fields obtained in this way on the two-dimensional de Sitter universe have no a priori reason to fit with the de Sitter symmetry of the manifold. We will show however that the canonical quantum Dirac field subject to the NS anti-periodicity condition does enjoy a certain natural form of de Sitter covariance. Also, the inverse image of that representation shows that NS canonical Dirac fields carry a hidden de Sitter symmetry already on the cylinder. On the other hand, the field which satisfies the Ramond periodicity condition transforms covariantly only under the (compact) subgroup of spatial rotations while the boosts are broken.
The construction goes as follows: after recalling the canonical quantizations of either periodic (R) or anti-periodic (NS) Dirac fields on the Minkowskian cylinder, we consider quantum Dirac fields on the two-dimensional de Sitter universe. There are two possible ways of writing a Dirac equation on that manifold. The first equation, recalled in Section 3, is the standard Dirac-Fock-Ivanenko equation constructed in terms of the spin connection (see e.g. [4] ). The second equation, described in Section 4, arises in a construction due to Dirac himself [5] that is directly related to a particular unitary representation of the de Sitter group [6] . In the four-dimensional case the relation between the two equations has been elucidated by F. Gürsey and T. D. Lee [7] . The two-dimensional case that we are considering here is more subtle for topological reasons. It turns out that a transformation matrix fieldà la Gürsey and Lee interpolating between the two Dirac fields only exists on the double covering of the (two-dimensional) de Sitter manifold -identified in Section 6 as the coset space of the spin group SL(2, R) over the abelian subgroup A. This construction allows to transfer the representation of the de Sitter group naturally associated to the Dirac's equation of Section 4 to the fields that are solution of the Dirac-FockIvanenko equation. The de Sitter covariance is now expressed in terms of a cocycle that we explicitly construct in Section 8. The result is that Neveu-Schwarz fields on the double covering of the de Sitter hyperboloid are fully de Sitter covariant while Ramond fields are only rotation invariant.
In the last Section we exhibit the conformal transformation relating de Sitter covariant field on the de Sitter manifold and the massless NS Dirac field on the cylinder, which therefore carries a hidden de Sitter symmetry. On the other hand the same mapping applied to the Ramond field produces a field which only has the rotation invariance. It is well known that fields do not have to be single-valued in a non simply connected space [8, 9] . Our result helps to understand the naturalness of the NS boundary condition in the study of 2-dim QFT models [1, 10, 11] .
The formalism and the results presented here may be useful in the study of various conformal field theories on the two-dimensional de Sitter universe. In an accompanying paper we will present a construction of the de Sitter -Thirring model.
The Dirac equation on the 2-dimensional Minkowskian cylinder
Consider a Minkowskian cylinder parametrised with a time coordinate x 0 = t and a periodic spatial coordinate x 1 = θ (with −π < θ < π); the metric coincides with the Minkowski metric:
apart from the periodicity of the θ coordinate. The Clifford anti-commutation rela-
may be realised by the following choice of gamma matrices:
There are two inequivalent spin structures on the cylinder which correspond to two different monodromies for the spinor fields: periodic spinors:
and anti-periodic spinors:
Let us consider now the massless Dirac equation on the cylinder:
There are at least two canonical quantum fields that solve this equation and that correspond to the above two monodromies. To fix notations and for the reader's convenience we recall them here. They are constructed in terms of two sets of creation and annihilation operators
acting in a Fock space with vacuum Ω
and obeying the canonical anti-commutation relations:
Every other anticommutator vanishes.
Ramond canonical field. In terms of the light-cone variables
the components of the quantum Ramond-Dirac field are written as follows:
(There is however a certain arbitrariness in the choice of the canonical operators relative to the zero modes. We agree here to the standard choice) .
ψ R is a univalued function on the cylinder. The nonvaninshing 2-pt functions are given by
In the usual matrix form (with
Neveu-Schwarz canonical field. Neveu-Schwarz Dirac fields are obtained by summing over half-integer momenta; one consequence of the shift p → p + 1/2 is that there are no more zero modes and that all the modes enter in the field expansion with the same normalization:
Here ψ NS is a bivalued function on the cylinder. The 2-pt functions is now given by
Scalar ancestors
In correspondence with the above construction one may also introduce two scalar massless fields. The field that one would naturally get by the method of canonical quantisation, defined on the cylinder itself, would be plagued by an infrared divergence which arises from a diverging normalisation of the zero mode. This divergence may be cared by replacing the (infinite) constant zero mode by a normalised zero mode growing with time Performing this regularisation one gets a canonical quantum field but the price to pay is that positive-definiteness has been lost; the two point function is
so that
The two-point function of the second scalar field is constructed by shifting the series in Eq. (15) to half integer momenta and suppressing the zero modes as follows:
so that 
The spinor φ itself solves a closely (conformally) related Dirac equation
which may be interpreted as the massless Dirac (Fock-Ivanenko) equation on the de Sitter manifold. Let us consider indeed the two dimensional de Sitter spacetime represented as the one-sheeted hyperboloid
embedded in the three-dimensional Minkowski spacetime M 3 whose metric tensor is
The following choice of coordinates
covers the complement of the lightcone in the ambient space: all the events which are spacelike w.r.t to the origin (0, 0, 1). In the above coordinates the de Sitter manifold (r = R = 1) is manifestly conformal to a portion (i.e. −π/2 < t < π/2) of the Minkowskian cylinder:
the interval of the ambient spacetime (restricted to r = 1) is given by
The components of the natural zweibein e i a are
and the curved-space matrices α i = e i a γ a are simply proportional to the flat space gamma matrices:
In two-dimensions there is only one nonvanishing component of the spin connection ω µab = e ν a ∇ µ e bν . In our example it is given by ω θ01 = −ω θ10 = tan t. Correspondingly
Putting everything together, the massless Dirac equation on the de Sitter manifold is finally written as follows:
Eq. (29) indeed coincides with Eq. (20). In the general case a mass term has to be added
and this of course breaks the conformal invariance.
Another equation by Dirac
In this section we elaborate on another first order equation for a spinor on the de
Sitter manifold which is due to Dirac himself [5] . Let us consider the Clifford anticommutation relations
relative to the three-dimensional Minkowski metric (22). The following choice
provides a realisation of the above relations. The generators L αβ of the Lorentz group
where
are respectively the 'orbital' and the 'spinorial' parts of L αβ . In the coordinates (23) the orbital components
obviously do not include derivatives w.r.t. the radial variable r. The differential operators L αβ are therefore tangential to the de Sitter hyperboloid (21) and have a well defined action on functions and spinors defined just on it.
In the case under study (s = 1/2) the first Casimir operator takes the form 1
and its eigenvalues 1 4 + ν 2 are parametrized by a nonzero real number ν as described in Bargmann's classic paper [6] . Since
following Dirac [5] we may introduce another first order spinorial equation:
where we have set
Spinorial plane waves
The starting observation for solving Eq. (38) is that the two-dimensional de Sitterd'Alembert's operator can be factorized as follows:
This relation implies that
1 Eq. (36) follows from the identities
Given a two-component solution of the scalar de Sitter Klein-Gordon equation
we may construct a solution of Eq. (38) simply by applying the operator (−iD + ν)
to it [16] . Let us recall how to find a suitable basis of scalar solutions for the de Sitter Klein-Gordon equation [13, 14] . Given a nonzero light-like vector ξ ∈ M 3 and a complex number λ ∈ C we construct the homogeneous function
where Z belongs to the complex ambient Minkowski spacetime; this function is holomorphic in the tubes T ± = M 3 ± iV + , where V + is the future cone of the origin, and satisfies the massless Klein-Gordon equation there. When restricted to the de Sitter universe it is holomorphic in the tuboids T ± obtained by interesting the ambient spacetime tubes T ± with the complex de Sitter manifold dS c 2 , and satisfies the massive (complex) Klein-Gordon equation:
The parameter λ is here unrestricted, i.e. we consider a complex squared masses
are homogeneous distributions of degree λ on M 3 , and their restrictions to dS 2 , denoted with the same symbols, are solutions of the de Sitter Klein-Gordon equation
All these objects depend in a C ∞ way on ξ and are entire in λ.
Coming back to the de Sitter-Dirac equation (38), spinorial plane waves can therefore be written in terms of scalar plane waves as follows [16] :
where v = v(ξ) is a two-component spinor and the complex number λ may take either of the following two values:
A straightforward calculation gives that
where as usual / X = γ α X α and we set w(ξ) = / ξv(ξ). The spinor w(ξ) satisfies the condition / ξw(ξ) = 0. In general, let us consider the linear equation
For any given lightlike vector ξ the unique solution (apart from normalisation) of the above equation is
Interestingly, this expression coincides with Cartan's original definition of a spinor, as described in his classic book ([12] -Chapter 3). Defining the adjoint spinor in the usual way
there follows the completeness relation
Let us suppose that v(ξ) itself solves Eq. (49) and therefore that it has the form given in Eq. (50). We obtain the following (complete, unnormalised) set of spinorial plane wave solutions, labeled by the wave vector ξ and the mass parameter ν:
where u is the spinor given in Eq. (50). It is now possible to build the two-point function of the quantum Dirac field Ψ ν by superposing spinorial plane waves having the correct analyticity properties; these analyticity properties are there to replace of a true global spectral condition which is absent in de Sitter Quantum Field Theory [13, 14, 15, 16] :
and the canonical anticommutation relations fix the value of the constant:
Since
we get (in the complex analyticity domain T − × T + )
The integral at the RHS is a hypergeometric function of the invariant scalar product
) and all the spinorial content is carried by the operator acting on it:
Taking the massless limit ν → 0 we get
As a consequence of the above chain of identities we obtain a nice integral representation of the two-point function of the massless field Ψ 0 :
valid for Z 1 ∈ T − and Z 2 ∈ T + .
Spin group and de Sitter covariance
Let us discuss now the de Sitter covariance of the Dirac field. In our context the spin group (i.e. the double covering of SO 0 (1, 2)) is most usefully realized as the matrix group Sp(1, 2) = {g ∈ SL(2, C) :
An element of Sp(1, 2) may be parametrised in terms of four real numbers a, b, c, d
subject to the condition ad + bc = 1 as follows:
As a subgroup of SL(2, C), the group Sp(1, 2) is conjugated to SL(2, R): the following element of SL(2, C)
does the job
The group Sp(1, 2) acts on the de Sitter manifold by similarity transformations:
The covering projection g → Λ(g) of Sp(1, 2) onto SO 0 (1, 2) coherent with the above action is expressed as follows:
Λ(g) is the (real) Lorentz transformation that directly relates X ′ and X g / Xg
The transformation law for spinors under the action of Sp(1, 2) is the standard one:
The covariance of the two-point function (54) under the transformation (68) can now be easily shown. In the massless case this is obvious
In the general case, for any g ∈ Sp(1, 2) there holds the following chain of equalities:
The last step is a consequence of the Stokes theorem exactly as in the scalar case [14] .
6 The symmetric space Sp(1, 2)/A as the double covering of the two-dimensional de Sitter spacetime.
In the following we need to dwell a little longer on the group Sp(1, 2) and examine one of its coset spaces. The starting point is the Iwasawa decomposition KN A of Sp(1, 2):
the parameters ζ, λ and χ are related to a, b, c and d by the following relations:
where 0 ≤ ζ < 4π and λ and χ are real. Note that a and c cannot be both 0 since ad + bc = 1. The above Iwasawa decomposition provides a natural parametrization of the coset space Sp(1, 2)/Ã
which is seen to be topologically a cylinder. The coset space Sp(1, 2)/A is a symmetric space. The group Sp(1, 2) acts on the coset space by left multiplication:
It is useful to describe the action of the subgroups separately. The case of a rotation k(α) ∈ K is of course the easiest one, it amounts simply to a shift of the angle ζ:
The two other subgroups give rise to slightly more involved transformation rules of the parameters (λ, ζ); an element a(κ) of the abelian subgroup A gives
An element n(µ) ∈ N gives
The Maureer-Cartan form dg g −1 gives to the symmetric space Sp(1, 2)/A a natural Lorentzian metric that may be constructed as follows (see e.g. [17] ). There exists a inner automorphism of Sp(1, 2)
that leaves invariant the elements of the subgroup A. It may be used to construct a map from the coset space Sp(1, 2)/A into the group Sp(1, 2):
This map in turn allows to introduce a left invariant Lorentzian metric on the coset space as follows:
One may verify directly that:
1. The metric (80) is invariant under the transformations (75), (100) and (102). 2. The curvature is constant (R = −2) and the Ricci tensor is proportional to the metric:
is a covering map. 
Restricting the ambient spacetime metric (22) to the de Sitter manifold with the coordinates (82) gives again
We were not able to find the above identification in the (enormous) literature on the group SL(2, R).
Field dressingà la Gürsey and Lee
Since there are two apparently distinct Dirac's equations on the de Sitter manifold, namely Equation (29) and Equation (38), it is natural to ask whether there is a relation between them and what it is. In four dimensions, this question has been raised first by Gürsey and Lee [7] and they provided a way to build a bridge between the two equations. The two-dimensional case is more tricky (also more interesting) because of its topological peculiarities. Following [7] let us introduce three matrices
where Y 0 = t, Y 1 = θ and Y 2 = r are the coordinates (23). In these coordinates the Minkowski metric of the ambient spacetime M 3 is written
Restricting to r = 1 we find again the de Sitter metric and the following relations:
Eq. (87) implies the existence of a matrix S such that
A particularly convenient choice -see the discussion below -is the following particular element S(t, θ) of the spin group Sp(1, 2):
but any other matrix of the form S f = f (t, θ)S, where f (t, θ) is an arbitrary function on the double-covering of the de Sitter spacetime dS 2 is also permissible.
Given a solution Ψ of the Dirac Eq. (38) the dressed spinor
solves the equation
(see Appendix A). Clearly, the arbitrary function f (t, θ) can be reabsorbed by a gauge transformation. We may therefore set 2 f = 1 in Eq. (91) and observe the coincidence of Eq. (92) with the covariant Dirac (Fock-Ivanenko) equation (30).
The matrix S is anti-periodic S(t, θ + 2π) = −S(t, θ) and therefore well-defined only on the double covering of the de Sitter hyperboloid. The map (t, θ) → S(t, θ) is thus a map from the double covering of the de Sitter spacetime dS 2 with values in the spin group Sp(1, 2) (see Eq. (61)); when acting on a spinor field it changes its periodicity: periodic (R) fields become anti-periodic (NS) and viceversa.
The group element S(t, θ) = S(X(t, θ)) = S(X) has a very simple geometrical interpretation that is made clear by examining the Lorentz transformation associated to it through the projection (66):
All the above features are not present in the original construction by Gürsey and Lee which was relative to the four-dimensional case.
8 Cocyclic covariance of the de Sitter Dirac-Fock-Ivanenko field.
Let us apply the map (91) to the field Ψ ν defined in Eq. (54) and get a quantum field φ ν solving the standard Dirac (Fock-Ivanenko) equation. The field φ ν has the NS antiperiodicity and therefore is well-defined only on the manifold dS 2 . Eq. (68) tells us how the field φ ν is transformed by the action of the de Sitter group:
where the matrix
is also an element of the spin group Sp(1, 2) depending on the pointX ∈ dS 2 and the group element g; one immediately verifies that Σ(g,X) is a nontrivial cocyle of Sp(1, 2):
The de Sitter covariance of the de Sitter Dirac NS field φ ν is thus expressed by Eq. For any g in the spin group Sp(1, 2) the cocycle Σ(g,X) is diagonal.
We give a proof of the above statement by explicitly exhibiting Σ(g,X) for the one-parameter subgroups of the Iwasawa decomposition (71). Let us first parametrize the matrix S(X) with the Iwasawa coordinates (λ, ζ) of the pointX:
1) For every spatial rotation g = k and everyX ∈ dS 2 the cocycle Σ(k,X) = 1, .
2) For a transformation a(κ) belonging to the abelian subgroup A we have
3) For a transformation n(µ) belonging to the upper triangular subgroup N we have
9 Massless fields: from the the de Sitter manifold to the cylinder and back
In this concluding section we examine the various incarnations of the massless Dirac field. As explained in Appendix A, in the massless case the dressing is simpler (see Eq. (131)):
The LHS has to be understood as a Dirac field on the double covering of the cylinder obtained from the massless field Eq. (60). Computing the two-point function we get
The two-point function completely characterizes the field: the remarkable result is that by the above construction the covariant massless de Sitter-Dirac field (59) is precisely mapped into the Neveu-Schwarz-Dirac field on the cylinder
and viceversa
It is also instructive to apply the inverse transform (106) to the two components of the field (13) separately:
We get in this way a splitting of the massless Dirac field Ψ 0 = Ψ 0,r + Ψ 0,l into its right and left moving parts (i.e. the parts depending only on the u and v variables):
These expression are useful in computing the image of the Ramond field (9) under the same transformation:
The field Ψ R 0 (t, θ) is defined on the double covering of the de Sitter spacetime and solves the massless Dirac equation (38) there. Its two-point function is written in the simplest way as follows in terms of the left and right part of the covariant two-point function as follows:
On the other hand, expressing the above two-point function using the ambient space variables gives a very complicated expression, not particularly useful. The representation (112) allows to prove that the Ψ R 0 (t, θ) is covariant under rotations; namely when g = g(θ 0 ) is spatial rotation as in (??) then
On the other hand, the boosts are broken.
A Derivation of the Gursey and Lee's dressing
The Dirac operator can be rewritten as follows
where P α = −i∂ α and X · P = (XP ). Note that, while the operator iD does not include derivatives w.r.t. the radial variable r the operators at the RHS separately do. The important on-shell identity for what follows is the anticommutator:
Let Ψ be a solution of the Dirac equation (38) and define
eq. (115) implies that
By multiplying the left of the RHS by the operator (1 − / X) and taking into account that χ does not depend on the radial variable we get
The latter identity is known as the Gursey and Lee's equation. Let us now define
The spinor φ satisfies the following equation:
Using the identity
we may rewrite it as follows: where again we took into account the fact that ζ does not depend on r. By defining
we get again 
In the massless case the above maps reduce to φ 0 (t, θ) = S(t, θ)Ψ 0 (t, θ)
Taking into account the conjugacy relation γ 0 S + γ 0 = S −1 (defining our realisation of Sp(1, 2)) we also have φ(t, θ) = φ + (t, θ)γ 0 = 1 √ 2 Ψ(t, θ)(1 + / X)S(t, θ) −1 = 1 √ 2 ψ(t, θ)S(t, θ) −1 (1 − γ 2 ).
(132)
B Maximally analytic vacua
We summarise here a small part of the scalar harmonic analysis on the de Sitter space (see e.g. [14] ) used in the text. The main result is the following: for z ∈ T − and z ′ ∈ T + in d spacetime dimensions one has is not a pole of Γ(−λ)Γ(λ + d − 1), z ∈ T − , z ′ ∈ T + , we denote
c(λ) = Γ(−λ)Γ(λ + d − 1)e −iπ(λ+
Two equivalent expressions for w λ : 
